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^ ■ Abstract 



In this work we develop a systematic geometric approach to study fully nonlinear elliptic 
equations with singular absorption terms as well as their related free boundary problems. The 
magnitude of the singularity is measured by a negative parameter (7— 1), for < 7 < 1, which 
reflects on lack of smoothness for an existing solution along the singular interface between its 
i-pj ■ positive and zero phases. We establish existence as well sharp regularity properties of solu- 

tions. We further prove that minimal solutions are non-degenerate and obtain fine geometric- 
measure properties of the free boundary $ = d{u > 0}. In particular we show sharp Hausdorff 
estimates which imply local finiteness of the perimeter of the region {u > 0} and Jtf" 1 ^ 1 a.e. 
weak differentiability property of 5 r . 

> 

in 
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o 1 Introduction 

o 



The aim of this present work is to study fine qualitative properties of nonvariational singular elliptic 



psj \ equations of the form 



(1.1) f F(D u) ~ „-«. Z{ „ >0) in Q 

^ . I u = f on da, 



& ■ 

where Q. C M. N is a bounded Lipschitz domain, = 1—7, for 0<7<l,/isa continuous, non- 
negative boundary datum and the governing operator F is assumed to be uniform elliptic, i.e., 
(£>(,-j)F) 1<; . j <n is a positive definite matrix. The study of singular equations as (11.11) is motivated 
by applications in a number of problems in engineering sciences. In fact the free boundary problem 



(1.2) 



F(D 2 u) = yu^- 1 in {u > 0} 
u = |Vw| =0 on d{u > 0} 



is used, for example, to model fluids passing through a porous body £1. For instance, u could 
represent the density of a gas, or else the density of certain chemical specie, in reaction with a 
porous catalyst pellet, Q.. 
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The variational theory, F(M) = Trace(M), for the free boundary problem (11.21) is fairly well 
understood, nowadays. It appears as the Euler- Lagrange equation in the minimization of non- 
differentiable functionals: 

(1.3) J -\Vu(X)\ 2 + u(X) Y dX — >min. 

See, for instance [TT5l[T6l l2ll2Tl. Notice that such a problem is quite different from the one treated 
in the classical paper Q. The latter has been recently studied in the fully nonlinear setting in ||9l . 

The case y = 1 in (11.31) represents the obstacle problem, 01; the case y = relates to the cav- 
itation problem, [Q]|. Fully nonlinear version of the obstacle problem has been considered in [[TBI . 
Nonvariational cavitation problem has been recently studied in [17J. The delicate intermediary 
case, < y < 1, addressed in this present work brings major novelty adversities as the equation 
satisfied within the positive set {u > 0} is nonhomogeneous and blows-up along the a priori un- 
known quenching interface ^ = d{u>0}f]Q. - the so called free boundary of the problem. The 
lack of variational or energy approaches too implies significant difficulties in the problem and new, 
nonvariational solutions have to be established. In fact, since the free boundary problem consid- 
ered in this paper has nonvariational character, one cannot use the powerful measure-distributional 
language to setup weak version of the problem. Instead we shall employ a perturbation scheme 
and will obtain uniform estimates with respect to the approximating parameter £. A solution to the 
fully nonlinear free boundary problem (11.21) will therefore be obtained as the limit of appropriate 
approximating configurations. 

The first main problem to be addressed concerns the optimal regularity for solutions to Equa- 
tion (11.11) . Optimal estimates for heterogeneous equations, Lw = f(X,u) is in general a quite 
delicate issue. For the singular setting studied in this present work, optimal estimates are even 
more involved as they can be understood as invariant (tangential) equations for their own scaling. 

We show in Section|4]of the present work that solutions are locally of class C 1 ' 3 ^. This result was 
only known in the variational setting, for minimizers of Euler-Lagrange functional, see lfl"5l[T6l l2ll 
and US [UJ. 

The second principal result devilered in this article states that minimal solutions, i.e., solutions 

1 ^ 

obtained from Perron's type method do grow precisely as dist(X,#) +J ^, which corresponds to 
the maximum growth rate allowed. Such a result implies a quite restrictive geometry for the free 
quenching interface As consequence of our sharp gradient estimate, Theorem 14.11 and optimal 
growth rate, Theorem 15.41 a minimal solution is trapped between the graph of two multiples of 

dist(X,S") 1+ ^,i.e., 

c-dist(X^) 1+ ^r < u(X) < C ■ dist(X,$) l+ ^r , Xe{u>0}. 

By means of geometric considerations, in Section [6] we establish a clean Harnack inequality for 
solutions to (11.11 ) within free boundary tangential balls, B C {u > 0}, B tangent to In Section 
[H under an extra asymptotic structural assumption on the governing operator F, we establish 
Hausdorff estimates of the free boundary. In particular we show X{u>o}nQ,' e BV(Q), that is, 
{u > 0} is locally a set of finite perimeter. We further show that the reduced free boundary has 
J4? n ~ l total measure. The last two Sections close up the project by obtaining a solution to the fully 
nonlinear free boundary problem (11.21 ) with the desired analytic and geometric properties. 
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2 Mathematical set-up 

Throughout this paper £2 will be a fixed Lipschitz bounded domain in M. N , f: dCl — >■ M + is a 
continuous boundary datum and < y < 1 is a fixed real number. We shall denote by Sym(A^) the 
space of all real N x N symmetric matrices and F EC 1 (Sym(iV) \ {0}) will be a uniformly elliptic 
fully nonlinear operator; that is, we shall assume that there exist two constants < A < A such that 

(2.1) F{JK + ^Y) < F(^T) +A||,yr + || - A|| c yf "||, VJC,rf e Sym(iV). 

The ultimate goal of this paper is to study existence and fine qualitative properties of solutions 
to the singular equation 



From the equation itself, one notices that the Hessian of an existing solution blows-up along the 
free boundary 5 = d{u > 0} PI £1; therefore, solutions cannot be of class C 2 . In the fully nonlinear 
setting, the problem of optimal regularity for solutions to Equation (12.21) is a rather delicate issue 
and it will be addressed in Section|4] Part of the subtleness of this problem comes from the intrinsic 
complexity of the regularity theory for viscosity solutions to uniform elliptic equations. We recall 
that it is well known that solutions to homogeneous equation 



has a priori C ,fi bounds for some fl > that depends only on N, A and A. Under concavity or 
convexity assumption on F, a Theorem due to Evans and Krylov, states that solutions are C 2 ' a . 
Nevertheless, Nadirashvili and Vladut have recently shown that given any < r\ < 1 it is possible 
to build up a uniformly elliptic operator F, whose solutions to the homogeneous equation ( 12.31) are 
notC 1 ' 7 *, see OH, Theorem 1.1. 

Therefore, in order to access the optimal regularity estimate available for the free boundary 
problem (12.21) . it is natural to assume that F has a priori C 2,t estimates for some small < x < 1. 
Such a hypothesis will be enforced hereafter in the paper, though all but Theorem l4.1l do not depend 
on such condition. 

Let us turn our attention to the singularly perturbed approach we shall use in order to grapple 
with the lack of variational approaches available. In this paper we suggest the following singular 
perturbation scheme to appropriately approach the free boundary problem (11.21) : 



(2.2) 



F(D 2 u) = yuV- l -x { u>0}- 



(2.3) 



F(D 2 u)=0, 



(E e ) 




u) 



u 



J3 £ (k), in Q. 
f on d£l. 



The singular perturbation term /3 e is build up as follows: initially select your favorite function 
peC^ [0,1] and set 
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Throughout the whole paper, a will always be the fixed value stated in (12.41) . In the sequel, define 

(2.5) B £ (t)= * p(s)ds, 

Jo 

where < (7o < 5 is an arbitrary technical choice. Notice that B £ is a smooth approximation of 
X(o,oo)- Finally, we set 

(2.6) p e (t) = V J - X B £ (t). 

Such a construction is carefully carried out as to preserve the natural scaling of the desired equation 
(El. 

We finish this Section by listing the main notations adopted throughout the article: 

• The dimension of the Euclidean space the problem is modeled in will be denoted by N > 2. 
Q. will be a fixed bounded domain in Mr. For a domain 6 C Mr, d& will represent the 
boundary of the domain & . %s will stand for the characteristic function of the set S. 

• The Af-dimensional Lebesgue measure of a set A C Mr 7 will be denoted by £ N (A). J^f"^ 1 
will stand for the (n — l)-Hausdorff measure. 

• (•,-) will be the standard scalar product in M. N . For a vector £, = ,£v) G Mr, its 
Euclidean norm will be denoted by \£ \ := \J The tensor product t, ® y denotes the 
matrix whose entries are given by ^yfj for 1 < j < N. 

• B r (p) will be the open ball centered at p with radius r. Furthermore, we shall denote kB = 
kB r (p) := Bkr{p), for any k > 0. 

• Constants C,Ci,C2, •■■ > and c,cq,c\,C2 - • • > that depend only on dimension, 7 and 
ellipticity constants A , A will be call universal. Any additional dependence will be empha- 
sized. 



3 Existence of minimal solutions 



In this section we comment on the existence of a viscosity solution to equation (E £ ). More impor- 



tantly, we shall establish herein a stable process to select special solutions to < \Ee\) . As we will show 
in Section [51 the family of minimal solutions turns out to satisfy the desired appropriate geometric 
features. Such properties will allow us to establish Hausdorff estimates of the free boundary in 
Section |7J 



Notice that because of the lack of monotonicity of equation ( |£el > with respect to the variable 
u, classical Perron's method cannot be directly employed. The next theorem proved in [fTTl . is an 
adaptation of Perron's method, which is by now fairly well understood. 
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Theorem 3.1. Let g be a bounded, Lip schitz function defined in the real line R. Suppose F uni- 
formly elliptic and that the equation F (D 2 u) — g(u) admits a Lipschitz viscosity subsolution and 
a Lipschitz viscosity supersolution u* such that u* = u* = f E C(dQ). Define the set of functions, 

s-= { w ec(ay, u± <w <u* andw supersolution ofF(D 2 u) = g(u)} . 

Then, 

v(x) := inf w(x) 

w<ES 

is a continuous viscosity solution ofF(D 2 u) = g(u) and v = f continuously on dQ.. 

Existence of minimal solution to Equation ( [Eel ) follows by choosing u* = u±(e) and u* = u*(e) 
solutions to the following boundary value problems 

F(D 2 u±) = £, in Q and I f ( d2u *) = 0, in Q 
u* = f on dQ., \ u* = f on dQ., 

where 

C:=sup/3 e ~£ r_1 . 

The existence the functions u* and u* is consequence of standard Perron's method. By construction 
u± is viscosity subsolution of (E e ) and u* is a viscosity supersolution oh Note that u* ' ,u^ E 
C 0,1 (Q.) nC(n). Thus a direct application of Theorem 13.11 yields the following existence result: 

Theorem 3.2 (Existence of minimal solutions). Let Q. E M. n be a Lipschitz domain and f E C(dQ) 
be a nonnegative boundary datum. Then, for each £ > fixed, equation <\E £ \) has a nonnegative 
minimal viscosity solution u £ E C(£i). 

As previously mentioned, more importantly than assuring existence of a viscosity solution to 
( fE^T ), Theorem 13.21 provides a particular choice of solutions to such an equation. In comparison 
with the variational theory, this choice is a replacement for the selection of minimizers of the 
Euler-Lagrange functional (see for instance |fl9l for further details). Therefore, unless otherwise 
stated, whenever we mention viscosity solution to ([E^K we mean the minimal solution provided 
by Theorem 13 .21 



4 Sharp regularity estimates 

The first main result we prove in this paper is the optimal regularity estimate, uniform in £, avail- 
able for solutions to (Ee] ). We will show that u E is locally a C 1 '^ function and we shall further 
determine the optimal /3 > in terms of the degree of singularity y. This key information has 
only been known for variational solutions, IfTSlfTOlfTTTl and the proofs make decisive use of energy 
considerations. In principle it is not even clear that one should expect the same regularity theory 
for nonvariational problems. 

Thus, we start off this Section by rather informal, heuristic considerations as to guide us 
through the genuine results to be established later on. Let us analyze the limiting free bound- 
ary problem (11.21) . Suppose is a free boundary point and, say, — e„ is the unit outward normal 
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pointing towards the quenching phase {u = 0}. If u is C 1 '^ atO, then, in a small neighborhood, say, 

, Bp n {u > 0}, p <C 1, w behaves like ~ X,J + ^. Therefore, the singular potential of the equation 

in (O is like ~ X, 3 (1+/3) ' (1 ~ r) . In view of the regularity theory for heterogeneous fully nonlinear 
equations F{D 2 u) = f(X), established in [5] and [20], we obtain the following implication 

x (i+/3)-(i-r) GL e eak impUes KGC i,i-f 
The reasoning above gives the following system of algebraic equations 

e(i+j8)(r-i) = -i 
J8 = i-i- 

Solving for /3, revels, /3 = which agrees with the optimal regularity estimate established for 

z y 

the variational theory. 

l 7 

This Section is devoted to establish local C ,1= 7 regularity estimates for solutions u £ to Equation 
§E^ , uniform in £. Recall that we are working under the natural assumption that F has a priori C 2,T 



estimates. In fact we shall obtain a universal control on the gradient of u £ near the free boundary 

in terms of the value of u e . Since u £ = along the free boundary, our estimate gives the desired 

regularity through the interface $ = d{u > 0} fl £1. Actually the gradient estimates we obtain are 

l 

even stronger than the aimed C ' 2 -r regularity. Here is its precise statement: 

Theorem 4.1 (Uniform optimal regularity). Given a subset £l' <s Q., there exists a constant C 
depending on, ||/||oo, J, Ol, dimension, ellipticity, but independent of E, such that, any family of 
viscosity solutions {u £ } of equation ( fE^l ) satisfies, 

\Vu £ (x)\ 2 <Cu £ (x) r , vxefl'. 



1 



In particular, u £ G C [oc , uniformly in £. 

Proof For simplicity, we shall drop the subscript £ in u £ , writing simply u. We will analyze the 
following auxiliary function 

v:= \j/(u £ )\Vu £ \ 2 , for \j/(t)=t^. 

Our ultimate goal is to show that v is locally bounded in Q,, for bounds that do not depend on £. 
Hereafter in the proof we select a positive function <j> E C 2 (£l) that vanishes on dQ. and satisfies 
|V0| 2 = 0(0). The purpose of such a function is merely to localize our analysis. Define, in the 
sequel, 

(O:=0v in 

and let Xq E Q. be a maximum point of co in £l, that is 



0(Xo) -v(Xo) = maxtt). 
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Differentiating co and Equation diQ ), we obtain 

(4.1) DfO) = 0jV + (j)Vi , DyO) = fop + fyiVj + fyjVi + §Vjj 
and 

(4.2) £Fy(D 2 lt)Dy« Jt = jS^(«)lt J f 

u 

Let Ay := Fij(D 2 u(Xo)). By uniform ellipticity of the operator i 7 , the matrix (Ay) is strictly 
positive. Also, since Xq is a maximum point, D 2 co(Xq) is non-positive. Therefore 



(4.3) 



> LijAijDij<o{Xo) 

= [vL ij A ij D lJ $+2Tr((A ij )V$®Vv)+$Z l , J A lJ D, J v] (Xq). 
It follows from (14.11) and from the fact that Xq is a critical point of co that 

V0(Z O ) 



(4.4) 



Vv(X ) = -v(X )- 



Combining (14.41) . ellipticity of (Ay) and analytic properties of 0, we reach 

vLijAijDijf + 2Tr ((Ay)V0 ® Vv) > - ^jAyA,^ +2Tr ((Ay)V0 <g) Vv) 



(4.5) 



E/,;AyDy0 + -Tr((Ay)V0®V0) 



> -C(A) max <^ \D z (j) 
Q. 

=: -Co v. 



2,, l^l 2 







Let us turn our attention on the term EijAyDyv(Xo). Differentiating v, we obtain 
(4.6) Av = i/(M)M l -|Vw| 2 + 2yA(w)^WfcW; fcl -. 

Differentiating above expression, one reaches 

Dijv = (\j/'uiUj + \j/(u)uij)\Vu\ 2 + 2\f/(u)ui^UkUkj 

k 

+ 2 1/ (m) £ u k u ki +2\ir(u)Y,(.UkjU k j + u k u k ij). 



It follows from ( jgjgj) and (j4~6|) that, at Xq, for each i, 



E^ = -^7j{V("K|V M | 2 + v|}. 
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Thus, combining these with (14.11) . we find 
(4.7) 



V(") 



,o V l/(n 

A y V«®V«V« 2 -2-^ T , 

7 1/A(«) 7 



+y/'{u)A ij u ij \Vu\ 2 + 2\j/(u) {Tx(D 2 u{A ij )D 2 u) + p' £ (u)\Vu\ 2 ) . 



By ellipticity and definition of the 0, follows the estimates 

AijVu®Vu > A | Vw| 2 , 

|A y Va®V0| < A|Vw|-|V0|, 

\AijUij\ < AF(D 2 u) =Aj6 e (» 
Tr(D 2 M (A ;7 )D 2 M ) > 0, 



!//'(«) -2- 



y/-(w) 



(_ 7 2 + 7 ) M -r-2. 



Here it is important to notice that — y 2 + y > 0. Using all these above estimates in (14.71) we obtain 

MjDijV > (-r 2 + Y)Xvu- 2 \Vu\ 2 -2y-^-\Vu\-\V$\ 

U 



On the other hand, for t > 
and 



-yAw~ y ~ 1 /3 e (M)|Vw| 2 + 2u-rp' e \ Vu\ 2 . 

Pe(t) = rt r - 1 B e (t)<rt r - 1 



m = y{Y-\)tV- 2 B £ {t)+Ytr-'B' e {t) 
> Y{y-iy- 2 B E {t). 



Here we have used 



These together give us, 



J8 



>0. 



A v 



(4.8) 



AyDyv > (-y 2 + y)Av M - 2 |V M | 2 -2y--|V M |-|V0| 

- Afu-r- 1 ■ a r-i | v M | 2 - 2/(1 - y)uJ~ 2 ■ u-y\Vu\ 2 
= (-y 2 + y)Av- M - 2 |V M | 2 -2y-^-|V M |-|V0| 



M 

Ay 2 ^ 2 |Vw| 2 -2y(l -y) M - 2 |V M | 
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Combining (14.31) . (14.51) and (14.81) . taking into account that | V0| = 0(0), we reach 

C Q v > (j)(X(-Y 2 + Y)v-Ci)u- 2 \Vu\ 2 -2YAu- l v\Vu\-\V(l)\ 

= §\x\-y 2 + y)v - C\)u~ 2 \Vu\ 2 - 2yhu~ l u~ 7 u Y l 2 jv\V§\-\Vu\ 2 
> 0(A(-y 2 + y)v-Ci)u- 2 \Vu\ 2 -2C(0)7Am"2- 1 v ^0|V m | 2 , 

where C\ := (y 2 A + 2y(l — 7)) > 0. Clearly we can assume 

\Vu(X )\u(X )^0. 

Hence, as |V0| 2 = O(0), we derive 

(4.9) C w~ r+2 > 0(A(-y 2 + 7)v-Ci)-2C(0)7A^^ +1 v / v0. 

In the region |w e | > l,F(D 2 u £ ) is uniformly bounded, independently of £. Thus, by Alexandroff- 
Bakeman-Pucci maximum principle, 

|«e| < C 2 , 

for a constant C2 that does not depend upon £. By such considerations and (I4.9P follows 

C 3 > A(-7 2 + 7)0(Xo)v(X o ) -C 4V / v(Xo)0(Zo). 

for universal constants C3,C4 that does not depend upon £. Clearly the above estimative implies 
that 

v(X)0(X)<v(X o )0(Xo)<C, 

i.e, 

(j)u- y \Vu\ 2 <C. 

for a constant C that depends only on dimension, ellipticity, 7, ||/||oo and (j), but is independent of 
£. 

It is now classical to obtain ||u e || 1 r is locally bounded , uniformly in £. The proof of 

. . c ,3± f 

Theorem |4JJ is concluded. □ 

The uniform optimal regularity established in Theorem 14. II gives, in particular, compactness 
of the family of solutions to Equation ( fE^T )- It will also be important to our analysis the following 
consequence of Theorem 14. 11 

Corollary 4.2. Given a subdomain Ql d Q., there exist constants C and tq > depending on 7 £1' 
and universal parameters such that for Xq g Ql and r < r$, there holds 

sup u £ < u £ (X ) +Cu £ (X y/ 2 r + Cr a 

B r (X ) 

7 

where, a = 1 + . 

2-7 
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Proof. Define the auxiliary function 

f(Y):= u £ (Y)-u £ (X )-Vu £ (X ) ■ (Y-X ). 
where Y G B r (X ). Clearly 

/(Z ) = |V/(X )| = 
and therefore, from Theorem 14. II we obtain 

\f(Y)-f(X )\<C-\Y-Xo\ a , 

which immediately gives, by triangular inequality, 

u e (Y) <u £ (X ) + \Vu £ (X )\-\Y-X \+C\Y-X \ a . 
However, applying once more Theorem 14. 11 we reach 

u £ (Y) < u £ (X ) +Cu £ (X o y/ 2 ■ \Y-X \ +C\Y -X \ a , 
and the proof of Corollary |4.2l is concluded. □ 

5 Nondegeneracy of minimal solutions 

In the previous Section we have shown that solutions to Equation are locally of class C n ~v . 
In particular such an estimate provides an upper bound on how fast u £ growths away from, say, the 
level surface {u £ ~ e a }, for a as in (12.41) . That is, 

Me (Z)<[dist(Z,K 

The main result we shall prove in this Section states that minimal solutions do growth precisely 
as dist(Xo, {u £ ~ e a }) a , see Corollary 15 .51 for the precise statement. In fact we shall establish a 
stronger nondegeneracy property of minimal solutions, which also has fundamental importance in 
our blow-up analysis. 

To simplify the statement of the results, we introduce some definitions and notations. Hereafter 
we shall use systematically we following notations: 

{u £ >k} := {xe£l \ u £ {x) > k}, 
{x>u £ >X} := {x G Q. | T > u £ (x) > A}, 
d e (X) := dist(X,d{w e >£ a }), 

The nondegeneracy feature of minimal solutions are based on the construction of appropriate 
viscosity supersolution whose value within an inter disk is much smaller than its value on the 
boundary of an outer disk. 

Proposition 5.1. Assume, with no loss of generality that G £1. Given < r\, there exists a radially 
symmetric function 9 G C ' (Q) and universal small constants < C2 < 1 and < c\ < 1 such that 
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1. = 2ao inB Cl7] 

2. > c 2 r] l+ ^y in£l\B n 

3. is satisfies F(D 2 0(X)) < /3(0(X)), pointwise in CI, where /3 = jSi, as in (12.61) . 
Proof. Initially define 



6(X) 



2o for 0< \X\ < ciT)\ 

ao(\X\ -c\r\) 2j r2oQ for c\r\ <\X\<r\\ 
A\X\ a +B for \X\>7]. 



where the constants ao.A, B e c\ will be chosen later. Our first goal is to enforce that such a function 
is indeed C 1,1 . For this, we have to set along \X\ = r\, 



(5.1) 

thus, easily we obtain 



ao(l-ci)V + 2a o = 0(X) =Ar] a +B 
1 



a 



[A7 1 a - 2 + 7 1 - 2 (B-2o )}. 



(1-ci) 2 

Moreover, differentiating and matching its gradient along |X| = rj, we obtain 
(5.2) 2a (l-ci)X i =Aari a - 2 X i . 
Combining (15.11) and (15.21) we find 

Aar\ a ~ 2 1 



(5.3) 
In the sequel, take 



2(l-n) (1-ci) 2 



[Ai 1 a - 2 + r 1 - 2 (B-2ao)}. 



ci:=|e(0,i; 



which implies the relation a = jzzr, where, as always, a is the value set in (12.41) . Finally we set 

B = 2c Q -^T) a , 

as to (15.31) to be satisfied. Summing up the construction so far, we have built up 



2o 
Aa 2 



0(X)={ 



1 



a-2i 



for 0< |X| < cir\; 
\X\ -ci 77) 2 + 2c7o for ci77<|X|<7]; 



A\X\ a +[2o --V a 



for \X | > T] . 



which is of C ' , by the construction itself. We still have the parameter A to be adjusted later. Our 
next step is to show that 6 is an appropriate supersolution, that is, we want to establish 



(5.4) 



F(D 2 e)<p(e) 
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pointwise. To this end, we first analyze the the equation in the region c\r\ < \X\ < r\. Direct 
computations yield 



6ij=Aa 2 T] a ~ 2 



\X\ 2 



+ 1 



£l7? 



^ \X I 2 



within cir/ < |Z| < 77. At a point of the form X = (|X|,0, ••• ,0), we find out 

0ii = Aa 2 r) a - 2 

0ij= 



ClTJ 

\x\ 



if i > 1 
ifrV;. 



By symmetric invariance of and ellipticity of F, we obtain 



(5.5) F(D 2 6(X))<A 



Aa 2 r\ a ~ 2 + (N — l)Aa z ri a ~ z I 1 



2„a-2 



£17? 

IX I 



< AAAa 2 ?] ^ 2 . 



Recall iV is the dimension of the space. However, within the region c\7] < \X\ < rj, we have 

2o < 0(X) <^ri a +2o . 



Taking into account that the function B = B\ set in (12.51) is non-decreasing, we readily obtain 

jB(0(X)) > ye(xy- l B(2o ) 

> y6{r])V- x B{2G Q ) 

(A \ 7-1 

> rf 2 7?a+2<7 °) 5(2ao) - 

Therefore, taking < A 1 small enough, 

r-i 



/A V 
r /_ aT j a +2CT J 5(2a ) > -r(2(To) 7 - 1 5(2a ) > KNAa\ 



a-2 



and we indeed obtain the desired pointwise inequality 

F(D 2 0)<P(6(X)) 1 

in the region c\7] < \X\ < r\. Let us turn our attention to the region rj < \X\. Readily we have 

= Aa [(a - 2) |X| a -%Xj + \X \ a - 2 ] . 



Thus, at a point of the form ( \X | , 0, • • • , 0), we obtain 

0n= Aa(a-\)\X 



a-2 



Gu= Aa\X 



a-2 



0; 







if i> 1 
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Therefore, again by symmetric invariance of and ellipticity of F, we can write 

(5.6) F(D 2 6(X)) < A[Aa(a-l) + (N- l)Aa] \X\ a - 2 < ANAari a - 2 . 
On the other hand, in the region T] < \X\ , we have for M > sup |X | , that 

M a > \X\ a -— > 0, 
- i i 2 

and so, 

/?(©(*)) > y(a f|x| a -±tj a ) +2a o y 5(0(7])) > r(AM«+2a o ) r - 1 5(0(T7)), 

Thus, adjusting A > even smaller, if necessary, we can assure 

AM a + 2<7 < 4ob, 

and therefore, 

/3(0(X))>r(4a o ) r - 1 5(0(r 7 )). 

Finally by 15 .61 and the inequality above, as well as diminishing the value of A > even further, if 
necessary, we reach 

F(D 2 e(X)) < ANAa\X\ a - 2 < y^ob) 7 " 1 5(0(7])) < j3(0(X)). 

So its follow (3). By construction (2 ) is valid, and the proof of Proposition 15.11 follows . □ 

Proposition 15.11 provides the existence of the appropriate barrier in the unit scale £ = 1 . To 
furnish the desired supersolution for any e > small we argue as follows. Fixed £ > 0, we consider 
the fully nonlinear elliptic operator 

F e {M) :=£ 2 - a F(e a - 2 ^). 

It is standard to verify that F £ is uniform elliptic with the same ellipticity constants as F. Proposi- 
tion [5J] applied to F £ provides a C > function 6 = 0(e) that satisfies the differential inequality 

F £ (D 2 0(X)) = £ 2 - a F(e a - 2 D 2 6(X)) < Pi(6{X)). 

Finally, we define 

(5.7) e £ (X):=£ a e(£- l X), 

where once more, a is the value set in (12.41) . We verify readily that £ defined above satisfies 
/ £ = 2o £ a infl Cl£T? ; 
/ e >c 2 T] a in^\ J B e7? ; 
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/ e £ eC 1 ' 1 ^) and it is a supersolution to diQ ). 

We are ready to establish strong nondegeneracy of minimal solutions to the singularly perturbed 
problem ( [Eg] ). 

Theorem 5.2 (Strong Nondegeneracy). Let Xq E {u £ > £ a }. There exist two universal positive 
constants cq > and rg > such that ifr< ro, there holds 

sup u e > cor a , 

B r (X ) 

for a as in (12.41) . 

Proof. Given r < ro, we construct £ for r\ = r/e. By minimality of u £ , 

u £ {z) > e e (z), 

for some point Z G dB r (Xo). Indeed, suppose for the sake of contradiction that u £ < £ along dB r . 
Define 

min{0 e ,w e } in 5 r ; _ 
u £ in Ci\B r . 



Thus, w e is supersolution to however in B Cir , we have, 

u £ > £ a >2o £ a = 6 £ = w £ , 
which contradicts the minimality of u £ . In conclusion, 

cir a < B £ {Z) < u £ (Z) < supw e , 

and the Theorem is proven. □ 

An immediate Corollary of Theorem 15.21 combined with Corollary 14.21 is the upper and lower 
control of u £ by r a in B r C {u £ > £ a }. 

Corollary 5.3. Given a subdomain Ql <<= £1, there exists a universal constant C = C(Q') such that 
forX e Q' D {u £ > £ a } and r < ro, 

C~ l r a < sup u £ <u £ (X )+Cu £ (X ) Y/2 r + Cr a 

Br(X ) 

Recall we have set the following notation: d £ (X) = dist(X,<9{w e > £ a }). Our next step is to 
show that in fact u £ does growth at the sharp rate away from the free boundary, that is ~ J" . 

Theorem 5.4 (Sharp Growth). LetXo e {u £ > £ a }. Then there exists c$ > universal such that 

u £ (Xo)>c d £ (X ) a . 
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Proof. Let us suppose for sake of contradiction that no such a constant exists. If so, there would 
exist a sequence of points X n G {u £ > £ a }, with d n := d £ (X n ) — > and 

U £ {X n ) < -d%. 
n 

Let us define 

v n (Y):=-^u s (X n + d n Y). 

The function v n > infix, and by C 1 ' 0-1 regularity of u £ , Theorem l4.ll v n is bounded inC^" l (B\). 
Easily we verify that v n is a minimal solution to 

(5.8) F ll {D 2 v n ) = yv}-^Be(v n ) infix, 

a n 

where F n (j%) := d?~ a F(d®~ 2 ^) for all M 6 Sym(iV) and 5 £ is the smooth approximation of 
£ + set up in (12.51) . From its very definition, we check that 



for 0<f<a 

1 for f<(l-Ob 



An, 

Since F„ is uniformly elliptic with same ellipticity constants as F, we can apply Theorem 15 .21 to v n 
as to obtain 

(5.10) supv„ > CQK a , 

B K 

for a universal constant cq and for any K > 0. However, from C 1,a ~ ! universal regularity for v n , 
see the proof of Corollary (14.21) . there holds 

v n (X) < v„(0) +Cv ;3 (0)2 7 |X| +C|X|«, 
for a universal constant C > 0. In particular, for 1, 

v„(Z) < v B (0) + v„(0)* Q " e + ^e a , in fi^. 
9 

If we take n >• 1, v„(0) < — Oo£ a and then 

v n (X)<a £ a inB Kl) . 
In view of Equation 15 .81 and (15.91) . we see 

F n (D 2 v n )=0 mB Kv 

for n ^> 1. But then, by classical homogeneous Harnack inequality, see 0, and strong nondegen- 
eracy stated in (15.101 ) 

c o[^r) < supv„ <Cv„(0) =o(l), 

V 2 J **b 

which finally gives us a contradiction. □ 
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An important consequence of Theorem 15.41 is the complete control of u £ (X) in terms of the 
d e (X) a . 

Corollary 5.5. Given a subdomain Ql <<= £1, there exists a universal constant C = C(Q') such that 
forX G Q.'n{u E > £ a } ande < d £ (X), 

Cd e (X) a >u £ (X)>C- l d e (X) a . 

Proof. The inequality by below is precisely the statement of Theorem 15.41 Now for Z G d{u £ > 
£ a }, it follows from Corollary 14.21 

u e (X) < £ a + C£ a ?d £ (X)+Cd £ (X) a < Cd £ (X) a , 

and the Corollary is proven. □ 

As usual a fine geometric control as the one stated in Corollary 15.51 implies uniform positive 
density of the approximating region {u £ > £ a }. 

Corollary 5.6. Given a subdomain £1' d £1, there exists constant < c < 1, depending only on Q.' 
and universal parameters, such that for any X e £1' D {u £ > £ a } and £ <^ 8, we have 

L N (B s (X)n{u £ >£ a }) 



Proof. By strong non-degeneracy there exists Yq g B§(X) fl {u £ > £ a } such that 

u £ (Y )>c 8 a . 



By optimal regularity and Corollary 15.31 we obtain, for Y G B T §(Yo) f]B§(X) 

u{Y) > u(Yo)-\Vu(Yo)\-\Y-Yo\-Ci\Y-Y \ a 

> c p a -Cip a l\Y -Y Q \-Ci\Y -Y \ a 

> (co-CiiT + T^d* 

> e a , 

provided < T 1 is chosen universally small. In conclusion, 

L N (B S (X) n {u £ > £ a }) > £ N (B s (X)nB T5 (Y )) > c8 N . 
for a universal constant c > 0. □ 



6 Harnack type inequalities 

It is well established that Harnack type inequalities are among the central properties of solutions to 
second order elliptic equations. For non-negative viscosity solutions to fully nonlinear equations 
with non-homogeneous right hand side, 

F{D 2 v)=f{X) 1 Q y 
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Krylov-Safonov |[12ll and Caffarelli J51 (see also (6l, Chapter 4) proved the following sharp Har- 
nack inequality: 



,,A)f i 



(6.1) supv < C(n,k,A) inf v+ ||/|| iB(Gl) 

As mentioned in previous Sections, one of the major mathematical difficulties in dealing with 
singular equations as in (11.11) is the fact that right hand side blows-up near the quenching region. 
In particular, if one tries to interpret the singular term yu 1 as a right hand side f(X) for the 
equation, classical Harnack inequality (16.11) gives no information near the free boundary. 

The key objective of this Section is to establish, uniform-in-e clean geometric Harnack type 
inequalities for solutions to equation (E^l). 



Theorem 6.1 (L 1 -Harnack inequality). Given 01' m 01, X e {u £ > £ a } n Q.'. Then 

u £ dx > cp a . 



JBp(Xo) 

for a universal constant c > 0, independent of E. 



Proof. From Lemma 15^21 there is a Z G B p (Xq) D {u £ > £ a } and a cq > universal, such that 

u £ (Y ) > c p a . 

As in the proof of the Corollary 15 .61 for but universal, we obtain 

u £ (Y)>Cp a in B p(Y o ). 

Finally, 

4 u e dx>CN4 u e dx>Cp a , 

JB p (X ) JB p {X )nB ep (Z) 

for C > a universal constant. Thus, the proof is concluded. □ 

Our next Theorem is a clean Harnack inequality for ball touching the approximating free 
boundary d{u £ > e a }. 

Theorem 6.2 (Harnack Inequality for tangential balls). LetXo e {u e > £ a } and £ < d := d £ (Xo). 
Then, there exist a universal constant C > such that 

sup u £ <C inf u £ . 

B d {X ) B d(Xo) 

J 2 



Proof Let £ , ^i G Bd (Xq), such that 



inf u £ = u{£>o) and sup u e = u{£>{). 

Bd(X ) BA x ) 

2 7 



NON VARIATIONAL SINGULAR ELLIPTIC EQNS 



18 



As J e (^o) > t:> by nondegeneracy 



(6.2) 



« e (&) >CiJ 



By other hand, using the corollary 15 .31 we get 



"e(^l) <" e (^o)+C 2 M e (Xo)2j + C 2 J a . 



As in the proof of Corollary 14. 2[ to Y E d {u £ > £ a }, we have that 



u £ (X ) < u £ (Y) +C 2 u e {Y)%d + C 2 d a < C 3 d a . 



So, by the three last inequalities, we obtain 



B d (X ) B d(*o) 

7 2 



sup u £ <C inf u £ . 



for a constant C > that does not depend of u £ and £. 



□ 



7 Hausdorff estimates of the free boundary 

In this section, we turn our attention to uniform geometric-measure properties of ~ g'Mevel sur- 
faces of u £ . These surfaces approximate the limiting free boundary $ := d{u > 0} nft, where 
u is the desired limiting function. Through this section we shall work under the following extra 
structural condition on the operator F: 

Definition 7.1. We say a uniformly elliptic operator F : Sym(N) — > R is asymptotically concave 
if there exists a positive definite matrix & = (/ ;; ) . . and a nonnegative constant C> > such that 



for all matrix ^ eSym(N), 

Initially, let us point out that indeed hypothesis (I AC I) is an asymptotic condition as ||M|| ^> 1, 
as it suffices to hold in the limit for ||M|| — > +°°. It represents a sort of concavity condition at 
infinity of F. For concave operators, C> = 0. The structural condition (I AC I) arises from recent 
considerations on the recession operator 



The limiting operator F* should be interpreted as the tangential equation for the natural elliptic 
scaling on F. For example, for a number of elliptic operators, it is possible to verify the existence 
of the limit 



(AC) 



fij^ij-F(^)>-C F , 



F\Jl) 



lim llF(ii Ji). 
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In this case, = Tx(bijJ%) and (IACI) is automatically satisfied. A particularly interesting 

example is the class of Hessian operators of the form 

where i is an odd natural number. For this family of operators, we have F* = A and condition (IACI) 
is satisfied. 

In IfTTTl it is proven that the recession operator F* rules the free boundary condition for fully 
nonlinear cavitation problems. In |[T8l , it is established further regularity estimates of solutions to 
F(X,D 2 u) = f(X) via properties of the recession function. 

Before continuing, let us make few remarks as to organize some systematic arguments that will 
appear within the next proofs. 

Remark 7.2. Given X G {u £ > £ a }, where u £ (Xq) = C\£ a for C\ > 1, £ <C p and p universally 
small, we have from optimal regularity that in B p (Xq), for p <C 1 to be adjusted soon, there holds 

uV > (C l £ a + C 2 (C l e a )$ P +C 2P a y- 1 . 
Therefore, if £ is small as to 

a P a 

£ < 77- 

and the radius p is also selected universally small as to 



we readily obtain 

for O > as in (IACI) . Also, as 

we have 



(l+2C 2 )p a < ^-C F 

yut l >2C F in5 p (X ), 
(l-<T )£ a <Ci£ a , 



F(D 2 u £ ) = p e (u e ) = Jul \ in B p (Xq). 
In conclusion, we obtain that u e is a / (J -subharmonic function in B p (Xq) for £ 1, i.e., 

fijDijUe > F(D 2 u £ ) -C F = yu 7 ' 1 - C F > 0, 

We are now ready to establish the first Hausdorff type estimate for the level surface {u e ~ £ a }. 

Lemma 7.3. Given a subdomain Ql d Q., there exists a constant C depending on £1' and universal 
parameters such that, for Xq GO! D {u £ > £ a }, with u £ (Xq) = C\£ a , with C\ > 1 and £ p for p 
universally small, there holds 



I 



u E r \Vu e \ 2 dX <CLlp N ~ l : 



{Ci£ a <u £ <y. a }nBp(x ) 

fora.e. < p < 1. 
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Proof. The proof starts off by verifying that for e and p universally small, the following differential 
inequality holds: 

(7.1) Y>fipij{uh > in {u > 0}nB p (X ). 

ij 

where & = (fij)^, as in Definition (I7.1|) . To show such an estimate, we argue as follows: fix a 
non-singular linear operator A : M. N — > M N . We compute 



i-i 



Y^fipiMe) = -«1 l Tr(A- l ^(A- l ) T D 2 (u £ oA))oA- 

■ - CC 

(v.2) y i /i \ i_ 

+ -f O^e 2 Tr(A" 1 t F(A" 1 ) T V(i< £ oA)®V( ae oA))oA" 1 . 



In addition, u £ oA solves the following uniform elliptic fully nonlinear equation 

F A [D l v) = yv^\ 

where the operator F A is given by 

F A (^):=F((A- l ) T M- 1 ). 

Easily one verifies that F A is in fact uniformly elliptic, with the the same ellipticity constants as F. 
Thus, by optimal regularity, Theorem 14. 11 we obtain 

|V(w e oA)| 2 <C(w e oA) r . 

and so, 

(7.3) - ( - - 1 ) | V(« e o A) | 2 > C(u £ oAf. 

CC V CC J 

From the structural assumption (IACI) . 

Tr((A- 1 ) r ^A- 1 D 2 ( M£ oA)) > F((A- l ) T D 2 (u e oA)A~ l ) -C F 

(7.4) > F((D 2 u E )oA)-C F 

> r(u £ oA)r- 1 -c F . 

Thus, if we select A as to satisfies 

~ 1 T 

& = -AA T 
C 

where C > is the constant of inequality (17.31) . and combine [7 . 3[ 17 . 41 and 17 . 2[ we end up with 



Y,fijDij{u2)>-< 1 -Cf). 
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Finally from Remark F7T21 we deduce that for £ and p universally small, the differential inequality 
(17.11) indeed holds true. 

We now continue with the proof of Lemma [7731 Define the following cut off function, 

e^/C[ in {w e <Ci£ a }; 

4 in {Ci£ a < u £ < il a }; 
ju in {u e >ji a }. 

Clearly we have 

(7.5) J fij(uhi-(4)jdX= J fijQi{ug)jdX 

{Ci£ a <u £ <n"}nB p (X ) B p (X ) 

Standard integrations by parts yield 



J f t pi{u*)jdX = - j <t>-fij(4)ijdX 

Bp(X ) B p \Xo) 



dB p (X ) 

Therefore, from the differential inequality established in (17.11) . we conclude 

/ fij{4)i{"-hjdX<~ J ®-Mul)r(xJ-x J )djr N - 1 . 

{Ci£ a <u £ <V a }nBp(X ) dB p (X ) 

Passing the derivatives through, we can further write the above estimate as 

{C l £ a <u £ <^ a }nBp{X ) dB p (X ) 

Finally, from uniform ellipticity and optimal regularity of u £ , we derive 



J u- J \Vu\ 2 dX<Cvp N -\ 
{c l£ a <u £ <ii a }nBp(Xo) 



as desired. □ 

For the next result, let is recall the following classical notation: given a set G C M. N , we will 
denote 

jVsiG) := {XGM W | dist(X,G) < 8}. 

In the sequel we show the main step towards uniform bounds of the ^^^-Hausdorff measure 
of the level- surfaces {u £ > e a }. 
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Lemma 7.4. Fixed £l' (s Q., there exists a constant C* that depends only on Q! and universal 
parameters such that if, 

dist(^ ; , dCl) 
C*H <2p< 1 

then, for jU, £ > universally small and \i <C p, for p also universally small, we have 

L N {{C,£ a <u £ < ii a }nB p (x )) < Cnp N -\ 

where again C = C(£l ; ) depends only on Zl' and universal constants andXo G Q'n d{C\£ a <u £ < 
fl a }, with d £ (X ) < ^WJQ) andCi > L 

Proof. Let {Bj} be a finite family of balls covering d{C\£ a < u £ }nB p (Xo), with radius constant 
equal to C*/i and center Xj G d{C\£ a < u £ } fl5 p (Xo), where C* will be chosen a posteriori. By 
Heine-Borel Lemma, there exists a universal constant m such that 

Y,XBj < m. 



We can assure that 



\JBjC ^(^ / )n5 4 p(Zo) 



where d : = dist(Q / , d£l). As in the proof of Lemma 1731 we consider 

etyCi in {u £ <Ci£ a }; 



ug in {Ci£ a <u £ < jU a }; 
jU in {u £ >ji a }. 



We now claim that is possible to find, for each j, balls 5j and B 2 - both contained in Bj, satisfying: 

(1) the radius of 5j and B 1 - are in order ji (up to universal contraction) 

Fx [2 

(2) <£> y -/i in B) and$< y-fimBj. 

To show the above claim, we argue as follows: takeXi G \Bj, such that 



By strong nondegeneracy, 



u £ (Xi 



sup M e . 



>H a , 



if C* 3> 1 is chosen universally large enough. From Corollary (14.21) . given X G Bj, we obtain 



(7.7) 



u(X) >H a -C 2 



sup M e 

B, 



■ \x l -x\-c 2 \x l -x\ a . 
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By the fact that u £ (Xj) = C\£ a < fJL a and employing once more Corollary 14 .2[ we reach 

supM e < u £ (Xj)+C 2 C*u £ (Xj)^+C 2 (C*il) a 

Bj 

< (l+C 2 C* + C 2 (C*) a )M a - 
Combining the above estimate with (17.71) and taking 

\X-X X \ < -L(1+C 2 C* + C 2 (C*) a )-?Li, 

ZL 2 



we obtain 



<P"(AJ = u e {X) > 3 



<5> a (X) = u £ (X)>-u mB):=B r ,(X x ) 
4 J 



where rj := Ci/i and 

Ci :=-^(i+c 2 c*+c 2 (cTri 

4C 2 

is a universal constant. To finish up the proof of this first statement, we just choose C* large enough 
as to 

Ci < C* fij- C fly. 

Notice again that such a selection is universal. Similarly, for B 2 : = B^iXj) where r 2 : = C 2 \l <C 
C*/i, we have 

<S>{X) a = u e <^ a . 

From property (2) proven above, assures the existence of a universal constant K > such that, for 
each j e N 

|<£ — my | > KjU, 

in at least one the two balls B\,B 2 C fl,, where 

mj :=-f &(X)dX. 

JBj 

Thus, by classical Poincare inequality in balls, we derive 

k 2 ii 2 <-^- [ \<$>-mj\ 2 dX<C 3 il 2 ^— I \V<S>\ 2 dX, 
\Bj\ J Bj \Bj\ Jbj 

which in turn gives 

/ Me -|VK e | 2 ^>C 4 |5;|. 

J{C l e a <u £ <^ a }nB j 

In addition, by nondegeneracy, for all Y e {C\£ a <u e < /J. 01 } nB p (Xo), we have 

C 5 d £ (Y) a <u £ (Y)</i a . 
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Hence 



{Ci£ a <u £ < n a }nB p (X ) C JTi u {d{d£ a < u £ }nB 2 p(X )) 



for C(y = \fC$. Thus, for ji <C p, and C* 3> 1, both universal, we reach 

{de a < Me < /x a }nfl p (Xb) C lj2fi; C 5 4p (X ). 
Finally, applying Lemma (17.31) and taking into account the inclusion above, we estimate 

Cjfip N ~ l > I u £ ^\Vu £ \ 2 dx 
JB 4 p (x )n{c l E a <u £ <^i a } 



If —V 

> — V / u e 1 \ 1 Vu £ \ 2 dx 
m 1 - 1 J2Bjn{Cie a <u E <iJ. a } 



> -V\Bj\ 

> — |5p(X )U{Cie a < Me <Ai 0! }|, 
m 

where C7 and C4 are universal constants, which completes the proof of Lemma. □ 

In the sequel, we recall the definition of 5-density. 

Definition 7.5. Given an open subset G of M. N , we say that G has the 8— density property in Q. for 
< 8 < 1, if there exists x > such that 

L N (B 5 (X)nA) 
L»(B 8 (X)) ~ 

for all X E dGHQ.. If the property above is valid for any < 8 < 1, we say that G has uniform 
density in Q. along dG. 

Here we state a, by now, classical result from measure theory. 

Lemma 7.6. Given an open set A <s Q., there holds: 

a) If there exists 8 such that A has the 8— density property, then there exists a constantC = C(z,N), 

where: 

\^s(dA) nB p (X)\ < ±-\Jf s {dA) nB p (X) nA\+C8p ! 
with X e dA n Q. and 8 < p. 

b) If A has uniform density in £1 along A, then \dA D £2| =0. 
We are ready to state and prove the main result od this section. 
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Theorem 7.7. Given £l' d Zl there exists a universal constant C = C(Q!) > 0, such that 

£ N (^({c ie « < u £ }) riB p (X )) < Cnp N ~\ 

wherenever, C\ > 1, X G ^'n<9{Ci£ a < w e }, d £ (Xo) < -j^dist(Q ; , dCl), /l <C p wzY/? p universally 
small and C\£ a < jl a . In particular, 

J^ N - l (d{d£ a <u £ }nB p (x )) <cp N -\ 

Proof. Take /i = 5, is as in the statement of Corollary ( 15.61) . We have, 

^(5 5 (x)nK>c l£ «}) 



>c 2 , 



for X G {w e > C\£ a }. We conclude that, d{u £ > C\£ a } has the 8— density property, and by Lemma 

I7.6L for a universal constant M > 0, there holds 

(7.8) 

l n {^{d{u £ >c X £ a })r\B p {x Q )) < ^L N (^ s (d{u £ >c l £ a })nB p (x )n{u £ >c l £ a }) 

+ M8p N - 1 . 

From Corollary @T3 given 7 G ^(<9{w e > C[£ a }) n B p (X ) n {w e > Ci£ a } and Z G <9{m £ > 
C\£ a }, we can estimate 

it(y) < M(z)+c 3 M(z)3|z-y|+c 4 |z-y| a 

< D/i", 

where the last inequality, follows from C\£ a < fl and 8 = Cfl. We have verified there exists D > 
universal, such that 

(7.9) ^s(d{u e > Ci£ a }) nflppfo) n K > Ci£ a } c {d£ a <u £ < D^i a ] nBp(x ). 

Finally, from Lemma (17.41 ), we conclude 

(7.10) L N ({Ci£ a <u £ <Dii a }nB p (Xo)) <C A w N -\ 
thus, combing (P7T8T) . d7~l9"l) and (17.101) we reach, 

£ N {^ i ({u E >c l e a })nB p (x )) < c 4 w N - 1 . 

To conclude the proof of the Jf N ~ l Hausdorff measure estimate, let {Bj} be a covering of 
d{C\£ a < u £ } (lBp(Xo), where each ball be centered in d{C\£ a < u £ } nB p (Xo) with radius fl. 
We can write 

\jBj C ^{{C X £ a < u £ }) nB p+M (Zo). 
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Thus there exist dimensional constants C$,C(, > 0, such that 
^-\d{CiE a <u £ }f]Bp(X )) < C 5 ZArea(dBj) 

< £*L N (jy ll ({C 1 e a <ue})nB p+ll (Xo)) 

< C 6 C 4 (p + n) N - 1 =C 6 C 4 p N - 1 +o(l) 

Letting /i — > 0, we finish the proof of the Theorem. □ 

8 Limiting free boundary problem 

In this Section, we address the fully nonlinear free boundary problem obtained by letting e — > 0. 



The ultimate goal is to find a solution to the free boundary problem (11.21) that enjoys all the desired 
analytic and geometric properties. 



Our analysis starts off by the compactness of minimal solutions to Equation ( pe) . In fact, 
Theorem ( 14.11) implies, for any SI' d Q., 

(8-1) K|| , r <K, 

c '2=? (a') 

for some K independent of £. Therefore, {u £ } £>0 is a compact sequence in Cj 1 (Q) and up to a 
subsequence, 

(8.2) limw £ =:«o- 

1,7=- 

Clearly, from (18.11) . the limiting function uq lies in C loc " 7 (Q). This Section is devoted to the study 
of the limiting function uq and the free boundary problem it solves. 

For the readers convenience, let us hereafter set up the following notations that we will use 
throughout this Section: 



: {xeQ.\uo(x) >0}, 

■■ d{u >o}no., 

: dist(X,£("0))- 

Next Theorem recovers the fully nonlinear equation satisfies by uq within its positive set as 
well as its precise growth behavior near the free boundary, $(uo). 



{wo > 0} 

ff(«o) 
d (X) 



Theorem 8.1. The limiting function uq defined in (18.21) is a viscosity solution to 



(8.3) 



F{D 2 u) = yu 7 ~ 1 in {u > 0}. 
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Moreover, for a fixed £l' <s £1, there exists a constant C = C(£l') that depends on £1' and universal 
constants such that for any XeH'n {uq > 0}, there holds 

Cd (X) a < uo(X) < C~ l do{X) a , 
whenever do(X) < dlst (^ ^Q) ^ In particular, uq is a solution to the free boundary problem (|1.2I) . 

Proof. Let us fix a point Xq e {wo > 0} and let uq{Xq) := a > 0. By continuity uq > \<5 in B p (Xq) 
for same p > 0. Since u £ — >■ «o uniformly over compact sets, for e <C 1 we have 

u e >\a> (l + ob)£ a . 

o 

That is, u £ satisfies 

F(D 2 u £ ) = yuT X in Bi p (X ). 

By the stability of viscosity solutions under uniform limits, we conclude uq is indeed a viscosity 
solution to Equation (18.31 ). 

Let us now turn our attention to the growth rate controls. For that, fix Xq G £1' H {«o > 0}, with 
do(Xo) < ^dist^', dQ.) and label w (X ) = s > 0. For £ < 1 we have 

m £ (X ) > | > e 05 . 
Thus, according to Corollary 15. 4[ we obtain 

u £ (X ) >Cd £ (X ) a . 

Let Y £ e d{u £ > e a } be such that d £ (Xo) = \Xq — Y £ \. By uniform convergence, it clearly follows 
that Y £ — > Yq and mo(^o) = 0. In conclusion, 

uo(Xo)>C\X -Y \ a >Cdo(Xo) a . 

The upper estimate is obtained similarly. □ 

Strong nondegeneracy property established for the approximating solutions u £ also passes to 
the limiting configuration. 

Theorem 8.2. Given £1' <<= £1, there exist universal constants C, po > 0, depending only on £1' and 
universal constants, such that for any X G £1' n {uq > 0}, p < po and do(X) < dlst <yQ ^ ^ ere 

C -1 p a < SU P "o < "oPO + Cw P0 r/2 p +Cp a 

Bp(X) 

The proof of Theorem l8.2l is very similar to the one presented for Theorem [8T| and therefore,we 
shall omit the details. Next we show the approximating configurations {u £ } converge to the liming 
one, {uq > 0} in the Hausdorff metric. 
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Theorem 8.3. Given 8 > and £ <C 1, we following inclusions hold: 

{wo>0}n£2' C^ 8 ({u £ >Ci£ a })nQ.' and {u £ > Ci£ a } n£2' C jY 8 ({u > 0}) nQ'. 

Proof. We will show only the last inclusion, as the first follows similarly. Suppose, for the purpose 
of contradiction, that such inclusion is false. There would exist, therefore, 8q > and a seq uence 
of points {X £ }, satisfying 

a) X £ £ a'n{u £ >Ci£ a }; 

b) dist(X e ,{ ao >0}) > S ; 

c) X £ -> X , and dist(X , {u > 0}) > 6q. 

From property c) uo(Xq) = 0. However, by strong non-degeneracy, Theorem (18.21) , for each £, we 
can find Z e £ Bi^(X £ ), such that 

(8.4) m £ (Z £ )= sup u e >C8g 

As e — > 0, up to a subsequence, Z e — > Zo. However, from (18.41) and wo(Z)) > and by property c) 
above Zq £ {uq = 0}, which is a contradiction. □ 

It also follows as in Corollary 15 .61 that the set {uq > 0} has uniform positive density along the 
free boundary $(uq). 

Theorem 8.4. Given O'dO there exists a constant < c < 1, depending on Q! and universal 
parameters, such that 

£ N (B s (X)n{u >0}) 
L N (B 8 (X)) 

for all X £ y(Mo)nQ'. 

The proof of Theorem 18.41 is similar to the one presented for Corollary 15.61 and therefore we 
omit the details. 

As a consequence of the analysis carried out in Section [61 we will show that a clean Harnack 
inequality is valid near the free boundary $(uo). As mentioned in that Section, such a result is 
quite surprising a first view, as the nonlinear source of the equation is of order ~ w^ 1 and thus it 
blows up near the boundary of the quenching region. 

Theorem 8.5 (Harnack Inequality for tangential balls). Let Xq £ {uq > 0} and d := do(Xo). Then, 
there exist a universal constant C > such that 

sup uq < C inf uq. 

1 3 
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Proof. Let £o, £1 G 5d (Xo), be such that 

inf wo = Mo(£o) and sup wo = wo(<^i)- 

Since do(^o) > ^ by Theorem |8.2[ there holds 

(8.5) uo(^o) > Cid a . 



On the other hand, from Theorem [821 

«o(Si) < uq{Xq) + C l u (X )?d + C l d a . 

As in the proof of Corollary I4.2[ that can be easily adapted to this present case, for any Y G 
d {uq > 0}, we have 

uo(X ) < u (Y)+C l u (Y)?d + Cid a < C x d a . 

Thus, 

sup uq < C2 inf uq. 

B d (x ) s 4 (Xo) 

for a constant C2 > that does not depend of uq. □ 
As in the proof of Corollary 16. 1[ we can establish a lower bound for solid integrals for uq: for 

allX G d{u >o}na' 

(8.6) Cip a < 4- u dx 



c lP a <{ 

Jb p {x ) 



where C\ = C\ (Q!) > 0. Next we establish upper and lower control on spherical integrals of Mo- 
Theorem 8.6. Given CI' <e Q, there exists a universal constant C = C{QI), such that for all Xq G 
d{u > ojna', 

C l p a < I u dJ^ N - 1 < Cp a . 

JdBp(Xo) 

Proof. The upper estimate follows directly from Corollary (18.21) . We will show the lower bound by 
means of contradiction. Suppose the lower inequality is not valid. There would then exist p m > 
and X m G d{uo > 0}, such that 



\-[ u dJf N - 1 = o(i; 
as m — y 00. Clearly, (18.71) implies 



(8.8) -1-/ uodJt? N - l =o(l), 
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for all < r < 1 . Define 

v m (X) := p m a u (X m + p m X). 

Up to a subsequence, v m converges uniformly over compact subsets of M. N , to a function vo. 
Furthermore, 

(8.9) F m {D 2 v m ) = yvt 1 in {v m > 0}, 

where F m {Ji) := p^F{p~ a Ji). For any < r < 1, 



/ u (Y)dJ^ N - 1 = / u (X m + p m X)dJ^ N - 1 = p£-f v m (X)dje> 

JdB rPm (X m ) JdB r (0) JdBAQ) 



r Pm {X m ) ' ' ' JdB r {0) ' "*JdB r (0) 

Thus, by (18.81 ), letting m — > °°, yields 



/ v dJ^ N - 1 = p~ a -f UQdJtf*- 1 = 0, V0<r<l. 

75fi r (0) JdB rpm {X m ) 

Therefore, vq = in B\ which contradicts (18.61) properly scaled to v m . □ 



9 Geometric estimates of the free boundary 

In this final Section we obtain further fine geometric-measure properties of the free boundary 
#(«())• As in Section 13 here we shall work under the addition structural assumption (IACI) . The 
first result we show concerns the local finiteness of the J^ N ~ -Hausdorff measure of the free 
boundary $(uo). 

Theorem 9.1. Given £1' <s Q. there exists a constant C = C(Zl') > 0, depending on Q! and universal 
constants, such that 

L N (^({u >0})nB p (X )) <Cw N -\ 

wherenever, Xq £ Q! H B{uq > 0}, Jo(^o) < ■j^jdist(tl / , d€i), ji <C p and p is universally small. In 
particular, 

J? N - l {B p {X Q )n${uo))<Cp N - 1 . 
Proof. From Theorerr fA7l and Theorem 18. 3[ we have for £ 1 

I^MK > c X £ a }) nB p (x Q )\ < cii P n - 1 

and 

{u > 0}DB p (X ) C J^({u £ > C ie «}) n5p(Xo). 

Easily we show 

^({u > 0}) n5 p (X ) C > Cie 05 }) n5p(X ), 

which give us the estimate desired. □ 
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A consequence of Theorem [9J] is that the limiting region {uq > 0} has locally finite perimeter. 
The key final result we will show here states that the reduced free boundary, d re d{wo > 0} has total 
measure. More importantly, we prove that around points Z of the reduced free boundary, there 
holds 

^ N - 1 (B p (Z)r)d(uo))-p N - 1 . 

In particular the free boundary has a theoretical measure outward unit vector for Jrf? N ~ l almost all 
points in $(uo). 

Theorem 9.2. Given CI' <e Q., there exists a positive constant C = C(Q'), that depends only on CI' 
and universal constants, such that for any ball B p (Xq), with p universally small, centered at a free 
boundary point xq G 3{uq > 0}, there holds 

c- l P N - 1 < ^ N -\d red {u > 0} nB p (x )) < c P N - 1 . 

In particular, 

Jf N - 1 (d{u > 0} \ d red { Mo > 0}) = 0. 

Proof. The estimate from above follows from Theorem 19.11 It remains to verify the estimate by 
below. Fixed Xq, let us define the normalized function vo : B\ — >■ R by 

u (X -pX) 



vo(X) :-- 



Arguing as in the proof of Theorem (17.31) . for p universally small, we conclude, 
(9.1) L(vf):=p 2 - a £/^Ay(4)>° in {vo>0}nfli. 

ij 

Our next step is to furnish an appropriate special barrier. Let \]/ be a nonnegative smooth function 
in B\, with y = 1 in Bi/ 5 and \y = outside B^u. Let 4> be the solution to the following boundary 
value problem 

L$ = —\fr in B\ 
$ = on dB\. 
From classical elliptic regularity theory, $ is smooth and, in particular, for any < a < 1, 

(9-2) \\<$>\\ ca{Bll2) <C h 

by a universal constant C\ > 0. Also by maximum principle 4> > in B\ and by Hopf maximum 
principle, 

(9.3) fijd&Vj > C 2 > 0, along dB h 

where Vy is the j-th coordinate of the outward normal vector to dB[(0). Applying generalized 
Gauss-Green formula, we derive 
(9.4) 

r C 1 1 ^ c ( \ \ \ 



j |4>L(v°)-v°L4»}^ = J S^fijdiiv^-vgfijdi^rjjd^ 

vjjfijd&VjdJH* 



{v >o}nSi 5 red {v >o}ns 1 

e>N-l 



I 



{vo>o}n<9s 
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Since 4>L(vq ) > 0, there holds 



(9.5) 



/ { 



4>L(v a )-v"L4> 



{v >0}ns! 



.}*>/ 

Bi 



i//VqJx> / vgdx. 



<l/5 



Also from uniform gradient bounds of vq, ellipticity and (19.21 ) we estimate 



(9.6) 

a red {v >o}nBi 

In addition, clearly, 
(9.7) 



Qfijdiiv^rijdJP- 



■N-l 



<C 1 ^- 1 (^red{v >0}n5 1 ). 



/ 

■^dred{vo 



vgfijd&TljdJ>t? N - l =0, 



>o}ns 



and by (1931) . 
(9.8) 



/ 



vgfijd&VjdJ?'"- 1 >0. 



v >o}n5B! 

Combining (1941) . (1931) . (l9~7ol) and (19771) . we deduce 

i 



(9.9) 



v a <ix<CiJr iV - 1 (a red {vo>0}nBi). 



1/5 



On the other hand, by non-degeneracy, as in proof of Theorem l6.1[ there holds 



(9.10) 



/ v%dx>C 3 . 

Jb 1/5 (0) 



for a positive universal constant c. Finally from (19.91) and (19.101) we conclude 

^^ 1 (^red{vo>0}n J B 1 )>C , 

for a universal constant cq and the estimate by below in proven. The total measure of the reduced 
free boundary follows now by classical considerations. □ 
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